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Abstract
In this paper we investigate some important basic properties of simple Hom-Lie
superalgebras and show that a Hom-Lie superalgebra does not have any left or right
nontrivial ideals. Moreover, we classify invariant bilinear forms on a given simple Hom-
Lie superalgebra. Then we study the Killing forms on a Hom-Lie algebra which are
examples of the invariant bilinear forms. Making use of the Killing forms, we find
conditions for a Hom-Lie superalgebra to be classical. Furthermore, we check the
conditions in which the Killing form of a Hom-Lie superalgebra is non-degenerate.
1 Introduction
The investigations of various quantum deformations or q-deformations of Lie algebras
began a period of rapid expansion in 1980’s stimulated by introduction of quantum
groups motivated by applications to the quantum Yang-Baxter equation, quantum
inverse scattering methods and constructions of the quantum deformations of universal
enveloping algebras of semi-simple Lie algebras. Various q-deformed Lie algebras have
appeared in physical contexts such as string theory, vertex models in conformal field
theory, quantum mechanics and quantum field theory in the context of deformations
of infinite-dimensional algebras, primarily the Heisenberg algebras, oscillator algebras
and Witt and Virasoro algebras. In [1, 19–22,24–26,29,31,38–40], it was in particular
discovered that in these q-deformations of Witt and Visaroro algebras and some related
algebras, some interesting q-deformations of Jacobi identities, extending Jacobi identity
for Lie algebras, are satisfied. This has been one of the initial motivations for the
development of general quasi-deformations and discretizations of Lie algebras of vector
fields using more general σ-derivations (twisted derivations) in [28].
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Hom-Lie algebras and more general quasi-Hom-Lie algebras were introduced first
by Larsson, Hartwig and Silvestrov [28], where the general quasi-deformations and dis-
cretizations of Lie algebras of vector fields using more general σ-derivations (twisted
derivations) and a general method for construction of deformations of Witt and Vira-
soro type algebras based on twisted derivations have been developed, initially motivated
by the q-deformed Jacobi identities observed for the q-deformed algebras in physics,
along with q-deformed versions of homological algebra and discrete modifications of
differential calculi. Hom-Lie algebras, Hom-Lie superalgebras, Hom-Lie color algebras
and more general quasi-Lie algebras and color quasi-Lie algebras where introduced first
in [34, 35, 53]. Quasi-Lie algebras and color quasi-Lie algebras encompass within the
same algebraic framework the quasi-deformations and discretizations of Lie algebras
of vector fields by σ-derivations obeying twisted Leibniz rule, and the well-known gen-
eralizations of Lie algebras such as color Lie algebras, the natural generalizations of
Lie algebras and Lie superalgebras. In quasi-Lie algebras, the skew-symmetry and the
Jacobi identity are twisted by deforming twisting linear maps, with the Jacobi iden-
tity in quasi-Lie and quasi-Hom-Lie algebras in general containing six twisted triple
bracket terms. In Hom-Lie algebras, the bilinear product satisfies the non-twisted
skew-symmetry property as in Lie algebras, and the Hom-Lie algebras Jacobi identity
has three terms twisted by a single linear map, reducing to the Lie algebras Jacobi
identity when the twisting linear map is the identity map. Hom-Lie admissible alge-
bras have been considered first in [43], where in particular the Hom-associative algebras
have been introduced and shown to be Hom-Lie admissible, that is leading to Hom-
Lie algebras using commutator map as new product, and in this sense constituting
a natural generalization of associative algebras as Lie admissible algebras. Since the
pioneering works [28,33–36,43], Hom-algebra structures expanded into a popular area
with increasing number of publications in various directions. Hom-algebra structures
of a given type include their classical counterparts and open broad possibilities for de-
formations, Hom-algebra extensions of cohomological structures and representations,
formal deformations of Hom-associative and Hom-Lie algebras, Hom-Lie admissible
Hom-coalgebras, Hom-coalgebras, Hom-Hopf algebras [2, 15, 33, 37, 44–46, 50, 56, 58].
Hom-Lie algebras, Hom-Lie superalgebras and color Hom-Lie algebras have been fur-
ther investigated in various aspects for example in [2–8,10–15,23,27,32,41–48,50–61].
In this article, we consider properties of simple Hom-Lie superalgebras and show
that a Hom-Lie superalgebra does not have any left or right nontrivial ideals, classify
invariant bilinear forms on a given simple Hom-Lie superalgebra, study and make use
of the Killing forms for finding conditions for a Hom-Lie superalgebra to be classical
and check the conditions in which the Killing form of a Hom-Lie superalgebra is non-
degenerate. In Section 2, we review some basic notions and definitions for Hom-Lie
algebras and Hom-Lie superalgebras. In Section 3, we present the notion of simple
Hom-Lie superalgebras together with some properties of this class of Hom-Lie superal-
gebras. In Section 4, we focus on some properties of a class of invariant bilinear forms,
the Killing forms. In particular, we study the Cartan’s criterion for Hom-Lie superal-
gebras, i.e. we find conditions under which the Killing form of a Hom-Lie superalgebra
is non-degenerate.
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2 Hom-Lie superalgebras
Recall that a Hom-module is a pair (M,α) consisting of an k-module M and a linear
operator α : M →M . We now recall some definitions to start.
Definition 2.1 ( [28,33–35,43]). A Hom-Lie algebra is a triple (g, [·, ·], α), where g is
a vector space equipped with a skew-symmetric bilinear map [·, ·] : g × g → g and a
linear map α : g→ g such that
[α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0,
for all x, y, z ∈ g , which is called Hom-Jacobi identity.
A Hom-Lie algebra is called a multiplicative Hom-Lie algebra if α is an algebra
morphism, i.e. for any x, y ∈ g,
α([x, y]) = [α(x), α(y)].
We call a Hom-Lie algebra regular if α is an automorphism.
A sub-vector space h ⊂ g is a Hom-Lie sub-algebra of (g, [·, ·], α) if
α(h) ⊂ h
and h is closed under the bracket operation, i.e.
[x1, x2]g ∈ h,
for all x1, x2 ∈ h.
Let (g, [·, ·], α) be a multiplicative Hom-Lie algebra. Denote by αk the k-times
composition of α by itself, for any nonnegative integer k,
αk = α ◦ · · · ◦ α︸ ︷︷ ︸
k
,
where α0 = Id and α1 = α. For a regular Hom-Lie algebra g, let
α−k = α−1 ◦ · · · ◦ α−1︸ ︷︷ ︸
k
.
Definition 2.2 ( [9, 16–18, 30, 49]). A Lie superalgebra is a Z2-graded vector space
g = g0⊕ g1, together with a graded Lie bracket [·, ·] : g× g→ g of degree zero, i.e. [·, ·]
is a bilinear map satisfying
[gi, gj ] ⊂ gi+j(mod2),
such that for homogeneous elements x, y, z ∈ g, the following identities hold:
1. [x, y] = −(−1)|x||y|[y, x],
2. [x, [y, z]] = [[x, y], z] + (−1)|x||y|[y, [x, z]].
In the simliar way as Lie algebras are extended to Lie superalgebras, the Hom-Lie
algebras form a subclass of Hom-Lie superalgebras, which is a subclass of color Hom-
Lie algebras, which in their turn is a subclass of more general (color) quasi-Lie algebras
introduced first in [34,35,53].
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Definition 2.3 ( [3,34,35,53]). A Hom-Lie superalgebra is a triple (g, [·, ·], α) consisting
of a superspace g, a bilinear map [·, ·] : g × g → g and a superspace homomorphism
α : g→ g, both of degree zero, satisfying
1. [x, y] = −(−1)|x||y|[y, x],
2. (−1)|x||z|[α(x), [y, z]] + (−1)|y||x|[α(y), [z, x]] + (−1)|z||y|[α(z), [x, y]] = 0,
for all homogeneous elements x, y, z ∈ g.
Therefore, a Hom-Lie superalgebra g is a Z2 graded Hom-algebra g = g0¯ ⊕ g1¯,
where we consider Z2 = {0¯, 1¯}. One can see that g0¯ is a Hom-Lie algebra and g1¯ is a
g0¯-module.
In particular, if for all x, y ∈ g we have
α([x, y]) = [α(x), α(y)],
then we call (g, [·, ·], α), a multiplicative Hom-Lie superalgebra.
Let (g, [·, ·], α) and (g′, [·, ·]′, α′) be two Hom-Lie superalgebras. A homomorphism
of degree zero f : g→ g′ is said to be a morphism of Hom-Lie superalgebras if
1. [f(x), f(y)]′ = f([x, y]), for all x, y ∈ g,
2. f ◦ α = α′ ◦ f.
We can now recall the notion of an αk-derivation.
Definition 2.4 ( [4]). Let (g, [·, ·], α) be a Hom-Lie superalgebra. For any nonnega-
tive integer k, a linear map D : g → g of degree d is called an αk-derivation of the
multiplicative Hom-Lie superalgebra (g, [·, ·], α), if
1. [D,α] = 0, i.e. D ◦ α = α ◦D,
2. D([x, y]g) = [D(x), α
k(y)]g + (−1)
d|x|[αk(x),D(y)]g, for all x, y ∈ g.
Denote by Derαk(g) the set of all α
k-derivations of the multiplicative Hom-Lie
superalgebra (g, [·, ·], α).
For any x ∈ g satisfying α(x) = x, define adk(x) : g→ g by
adk(x)(y) = [α
k(y), x]g,
for all y ∈ g. It is shown in [4] that adk(x) is an α
k+1-derivation, called an inner
αk+1-derivation. So,
Innαk(g) = {[α
k−1(·), x]g|x ∈ g, α(x) = x}.
It is also shown that
Der(g) =
⊕
k≥−1
Derαk(g)
is a Hom-Lie algebra.
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3 Simple Hom-Lie superalgebras
In this section, simple Hom-Lie superalgebras are introduced and several important
properties of this class of Hom-Lie superalgebras are given here. In addition, we manage
to give some useful results on a special class of simple Hom-Lie superalgebras, namely,
classical simple Hom-Lie superalgebras which will be used in Section 4.
Definition 3.1. A Hom-Lie superalgebra g is called simple if it does not have any
nontrivial graded ideals and [g, g] 6= {0}.
Remark 3.2. From Definition 3.1, one can consider the following properties:
(i) A left or right graded Hom-ideal of g is automatically a two sided ideal.
(ii) The condition [g, g] 6= {0} serves to eliminate the zero-dimensional and the two
one-dimensional Hom-Lie superalgebras. It follows that [g, g] = g.
According to Definition 3.1 one might get that a simple Hom-Lie superalgebra might
contain nontrivial non-graded ideals, which here is not the case.
Lemma 3.3. Let g be a simple Hom-Lie superalgebra. If ν is an odd linear mapping
of g into itself such that
ν([a, b]) = [a, ν(b)], (3.1)
for all a, b ∈ g, then ν = 0.
Proof. One can easily see that the kernel and the image of ν are graded ideals of g,
hence either ν is bijective or it equals to zero. Suppose that ν is bijective. Let a and b
be any homogeneous elements of g. If a and b have the same degree, then
[ν(a), ν(b)] = −ν2([a, b]).
But one side of the equation is symmetric in a, b and the other side is skew-symmetric.
Therefore, [a, b] = 0 if a and b are homogenous of the same degree. Then again, if a
and b are homogenous of not the same degrees, a and ν(b) are homogenous of the same
degree, (3.1) and our previous result imply that [a, b] = 0. So, we got that [g, g] = {0}
which is a contradiction.
Proposition 3.4. A simple Hom-Lie superalgebra g does not have any left or right
nontrivial ideals.
Proof. The linear mapping κ : g→ g, defined by κ(a) = (−1)sa for a ∈ gs, s ∈ Z2, is an
automorphism of the Hom-Lie superalgebra g. For any element b ∈ g, its homogeneous
component of degree t ∈ Z2 is
1
2(b + (−1)
tκ(b)). In particular, a subspace of g is
Z2-graded if and only if it is invariant under κ.
Let I be a nontrivial left ideal of g. Then κ(I) is also a left ideal of g. Therefore,
I + κ(I) and I ∩ κ(I) are graded ideals of g and hence
I + κ(I) = g, I ∩ κ(I) = {0}.
Consequently, the vector space g is the direct sum of its subspaces I and κ(I). Fur-
thermore, we have
gt = {b+ (−1)
tκ(b)|b ∈ I},
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for t ∈ Z2. Let ν : g→ g be the linear mapping which is defined by
ν(b) = b, ν(κ(b)) = −κ(b),
for all b ∈ I. One can see that ν2 = id and
ν(g0¯) = g1¯, ν(g1¯) = g0¯.
Moreover, the fact that I and κ(I) are left ideals implies the following property for ν:
ν([a, b]) = [a, ν(b)],
for all a, b ∈ g. But due to Lemma 3.3, a mapping ν, having these properties doesn’t
exist. One can have the same argument for a right ideal I.
For our next results, we need to recall a useful notation from [49]. Let V be a
finite-dimensional Z2-graded vector space and let γ : V → V be the linear mapping
which satisfies γ(x) = (−1)ξx, where x ∈ Vξ and ξ ∈ Z2. A linear form supertrace is
defined on the general linear Lie superalgebra pl(V ) by
str(A) = Tr(γA),
for all A ∈ pl(V ). The linear form str is even and pl(V ) invariant:
str([A,B]) = 0,
for all A,B ∈ pl(V ) (see [49]).
Lemma 3.5. Let g be a simple Hom-Lie superalgebra. Then
(i) [g0¯, g1¯] = g1¯.
(ii) If g1¯ 6= {0}, then [g1¯, g1¯] = g0¯ and {a ∈ g | [a, g1¯] = {0}} = {0}. Particularly,
the adjoint representation of g0¯ in g1¯ is faithful.
(iii) If ρ : a→ aV is a graded representation of g in some finite-dimensional graded
vector space V , then str(av) = 0 for all a ∈ g.
Proof. Statements (i) and (ii) are proved from the fact that g0¯ ⊕ [g0¯, g1¯], [g1¯, g1¯] ⊕ g1¯
and {a ∈ g|[a, g1¯] = {0}} are graded ideals of g. Moreover, (iii) is correct for any
Hom-Lie super algebra g such that [g, g] = g.
Proposition 3.6. Let g be a simple Hom-Lie superalgebra.
(i) An invariant bilinear form on g is either non-degenerate or equal to zero.
(ii) Every invariant bilinear form on g is supersymmetric.
(iii) The invariant bilinear forms on g are either all even or else all odd.
(iv) If the field K is algebraically closed, then all invariant bilinear forms on g are
proportional to each other.
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Proof. (i) Suppose that ρ is an invariant bilinear form on g. The subspace
J = {y ∈ g|ρ(x, y) = 0,∀x ∈ g}
is a left ideal of g. Therefore, we get the result by Proposition 3.4.
(ii) One can easily see it for all Hom-Lie superalgebras like g in which [g, g] = g.
(iii) The homogeneous components of an invariant bilinear form are invariant them-
selves. So, it suffices to show the following: If ρ and ρ′ are two homogeneous of not the
same degrees invariant bilinear forms on g where one of them is non-degenerate, then
the other one must be zero. In fact, if ρ is non-degenerate, there exists a unique linear
mapping κ of g into itself, such that for all x, y ∈ g,
ρ′(x, y) = ρ(x, ν(y))
It is easy to see that ν satisfies the conditions in Lemma 3.3. Thus, ν = 0.
(iv) It is a consequence of (i).
We are now about to study the adjoint representation, which is introduced in [4],
more precisely. Our main discussion will be the representation of g0¯ in g0¯ where we
are lead to an interesting class of simple Hom-Lie superalgebras which are known as
classical ones. The next lemma is a special case of the propositions which follows it.
Lemma 3.7. Let g be s a simple Hom-Lie superalgebra. Suppose that g1¯ is the direct
sum
g1¯ =
r⊕
s=1
g s
1
of non-zero g0¯-invariant subspaces g s
1
, 1 ≤ s ≤ r, r ≥ 1. Then r = 1 or r = 2.
Proof. The case r = 1 is trivial, so let us consider r = 2. We want to show that
J = [g 1
1
, g 1
1
]⊕ [g 1
1
, [g 1
1
, g 1
1
]],
is an ideal of g. The fact that J is g0¯-invariant is obvious and we simply see that
[g 1
1
, J ] ⊂ J.
We next remark that
[[g 1
1
, g 1
1
], g 2
1
] ⊂ [g 1
1
, [g 1
1
, g 2
1
]] ⊂ g 1
1
.
Since g 2
1
is g0¯-invariant, one can get that
[g 2
1
, [g 1
1
, g 1
1
]] = {0}.
This implies
[g 2
1
, [g 1
1
, [g 1
1
, g 1
1
]]] ⊂ [[g 2
1
, g 1
1
], [g 1
1
, g 1
1
]] ⊂ [g 1
1
, g 1
1
].
One can combine the two equations above to get
[g 2
1
, J ] ⊂ J.
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Since J 6= g we conclude that [g 1
1
, g 1
1
] = {0} and similarly [g 2
1
, g 2
1
] = {0}. By part (ii)
of Lemma 3.5 we have
[g 1
1
, g 2
1
] = [g1¯, g1¯] = g0¯.
Now suppose that r ≥ 3. If s ∈ {1, · · · , r}, we get
g1¯ = g 1
1
⊕
⊕
i 6=s
g i
1
,
and the case r = 2 implies [
⊕
i 6=s g i
1
,
⊕
j 6=s g j
1
] = {0}. It follows that [g i
1
, g j
1
]{0}, for
all i, j ∈ {1, · · · , r}. Since by assumption g1¯ 6= {0}, this is a contradiction to the
simplicity of g (see Lemma 3.5), because we have [g1¯, g1¯] = {0}.
Proposition 3.8. Let g be a simple Hom-Lie superalgebra. Suppose that g1¯ is the sum
g1¯ = g 1
1
+ g 2
1
of two proper g0¯ invariant subspaces g 1
1
and g 2
1
. Therefore, this sum is direct, i.e.
g 1
1
∩ g 2
1
= {0},
and the g0¯-modules g 1
1
and g 2
1
are irreducible. Furthermore, we get
[g 1
1
, g 1
1
] = [g 2
1
, g 2
1
] = {0}, [g 1
1
, g 2
1
] = g0¯.
Proof. We define two sequences {V in}n≥−1, i = 1, 2, of subspaces of g, as follows. Set
V i−1 = g1¯, V
i
0 = g0¯, V
i
1 = g i
1
,
and using induction, we define
V in = [g i
1
, V in−1],
where n ≥ 2. It is easy to check that for all n ≥ −1 we have
1) V in is g1¯-invariant.
2) [g1¯, V
i
n+1] ⊂ V
i
n,
3) V in+2 ⊂ V
i
n.
From 3) one sees that there exists an integer m ≥ 1 such that
V i2m+2 = V
i
2m.
Then, using 1) and 2) we deduce that V i2m ⊕ V
i
2m+1 is a graded ideal of g which must
be equal to {0}. Thus one can conclude that V in = {0}, for a sufficiently large positive
integer n. Now let r ≥ 0 be any positive integer and define
Jr0 =
r∑
s=0
(V 12(r−s) ∩ V
2
2s) (3.2)
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Jr1 =
r+1∑
s=0
(V 12(r−s)+1 ∩ V
2
2s−1) (3.3)
Jr = Jr0 ⊕ J
r
1 . (3.4)
Using 1), 2) and 3) it is easy to see that Jr is a graded ideal of g, for every r ≥ 0. We
remark that
J00 = g0¯, J
0
1 = g 1
1
+ g 2
1
= g1¯.
Evidently,
Jr1 ⊂ (V
1
2r+1 + g 2
1
) ∩ (g 1
1
+ V 22r+1).
Therefore, if V 12r+1 = {0} or V
2
2r+1 = {0}, then J
r
1 6= g1¯ and hence J
r = {0}. Now let
R be the smallest integer such that
V 12(r−s)+1 ∩ V
2
2s−1 = {0}, (3.5)
where 1 ≤ s ≤ r. Then we have V 12R−1 and V
2
2R−1 are no equal to {0}, since otherwise
R ≥ 2 and JR−1 = {0}, hence R would not be minimal. Particularly, one can conclude
that JR−1 = g and as a consequence, JR−11 = g1¯. On the other hand it follows from
(3.5) that the sum defining JR−11 is direct. Since we already know that the two terms
V 12R−1 and V
2
2R−1 of this sum are not equal to {0}, we deduce from Lemma 3.7 that all
the remaining terms must be {0}. This implies that R = 1, otherwise it would not be
minimal. Thus we have shown that g1¯ is the direct sum of V
1
1 = g 1
1
and V 21 = g 2
1
. It
is now easy to check that these two are irreducible g0¯-modules.
Remark 3.9. Let g be a simple Hom-Lie superalgebra. Then there exist only the
following possibilities:
(i) The g0¯-module g1¯ is completely reducible. Then g1¯ is decomposed into at most
two irreducible components.
(ii) The g0¯-module g1¯ is not completely reducible. In this case there exists a unique
proper g0¯-submodule of g1¯ which contains all proper g0¯-submodules of g1¯.
We shall see that these two possibilities do occur.
Definition 3.10. A simple Hom-Lie superalgebra g is called classical if the g0¯-module
g1¯ is completely reducible.
Theorem 3.11. Suppose that the field K is algebraically closed. Let g be a classical
simple Hom-Lie superalgebra such that the center g a
0
of g0¯ is nontrivial. Then dim g a
0
=
1 and the g0¯-module g1¯ decomposes into the direct sum of two irreducible g0¯-modules,
g1¯ = g 1
1
⊕ g 2
1
.
Moreover, there exists a unique element c ∈ g a
0
such that
[c, x] = (−1)rx,
for all x ∈ g r
1
, r = 1, 2.
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Proof. Noting Remark 3.9, the first part of the proof is trivial. For the second part,
suppose that g1¯ is irreducible. If a ∈ g a
0
, then there exists an element λ ∈ K such that
[a, x] = λx,
for all x ∈ g1¯, which implies
2αg0¯ = 2λ[g1¯, g1¯] = [A, [g1¯, g1¯]] = {0}.
by Lemma 3.5, so λ = 0. Again by Lemma 3.5, the representation of g0¯ in g1¯ is
faithful, therefore g a
0
= {0}, as a contradiction to the assumption. Now, we have that
g0¯-module g1¯ is completely reducible. Hence from Proposition 3.8 we have
g1¯ = g 1
1
⊕ g 2
1
.
If a is an arbitrary element of g a
0
, then there exist two elements λr, r = 1, 2 in K such
that
[a, xr] = λrxr,
for all xr ∈ g r
1
, r = 1, 2. Again from Proposition 3.8 it follows that
(λ1 + λ2)g0¯ = (λ1 + λ2)[g 1
1
, g 2
1
] = [a, [g 1
1
, g 2
1
]] = {0}.
Therefore, (λ1 + λ2) = 0. Meanwhile, the representation of g0¯ in g1¯ is faithful by
Lemma 3.5 which implies that dim g a
0
≤ 1.
4 The Killing forms
Let g be a Hom-Lie superalgebra and let φ be a bilinear form on g. Recall that φ is
called invariant if
φ([a, b], c) = φ(a, [b, c]),
for all a, b, c ∈ g. Important examples of invariant bilinear forms are the Killing form
and more generally, the bilinear forms associated with the finite-dimensional graded
g-modules [49]. These bilinear forms are even and being supersymmetric is quite a
”normal feature” of invariant bilinear forms on g, since we can prove the following
proposition.
Proposition 4.1. Let g be a Hom-Lie superalgebra such that [g, g] = g. Then every
invariant bilinear form on g is supersymmetric.
Proof. Let φ be an invariant bilinear form on g and let a ∈ gx, b ∈ gy and c ∈ gz,
where x, y, z ∈ Z2. Then it is easy to check that
φ(a, [b, c]) = (−1)x(y+z)φ([b, c], a). (4.1)
Since [g, g] = g, our proposition is proved.
In connection with the bilinear forms associated with graded g-modules, the follow-
ing proposition is quite interesting.
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Proposition 4.2. Let g be a Hom-Lie superalgebra and let φ be an invariant bilinear
form on g which is associated with some finite-dimensional graded g-module. If φ is
non-degenerate, then the Hom-Lie algebra g0¯ is reductive.
Proof. Suppose that φ is associated with the graded g-module V . Let φx, x ∈ Z2 be
the bilinear form on g0¯ which is associated with the g0¯-module Vx. Then we have
φ(p, q) = φ0¯(p, q)− φ1¯(p, q), (4.2)
for all p, q ∈ g0¯. Set
Jx = {q ∈ g0¯|φ
x(q, g0¯) = {0}}, (4.3)
for any α ∈ Z2. Since φ is even and non degenerate, (4.2) implies J
0¯ ∩ J 1¯ = {0}. Then
a standard result from Hom-Lie algebra theory says that g0¯ has to be reductive.
Corollary 4.3. Let g be a simple Hom-Lie superalgebra whose Killing form is non-
degenerate. Then g is classical.
The following two propositions contain some information on the existence of non-
degenerate invariant bilinear forms on a Hom-Lie superalgebra.
Proposition 4.4. Let g be a classical simple Hom-Lie superalgebra such that the center
of g0¯ is nontrivial. Then the Killing form of g is non-degenerate.
Proof. Denote the Killing form of g by φ. If the field K is algebraically closed, the
proposition follows directly from Corollary 3.11.
Suppose now that the fieldK is arbitrary. Let E be an algebraically closed extension
field of K and let gˆ = ⊗g denote the Hom-Lie superalgebra which is obtained from g
be extension of base field from K to E. We know that the Hom-Lie superalgebra gˆ is
the direct sum of graded ideals gˆr, 1 ≤ r ≤ t, which are all classical simple Hom-Lie
superalgebras. Since at least one of the Hom-Lie algebras gˆ r0 has a nontrivial center,
the first part of our proof, combined with the subsequent lemma, shows that the Killing
form of gˆ is non-zero. But then the Killing form φ of g is also non-zero, hence φ is
non-degenerate.
Lemma 4.5. Let g be a Hom-Lie superalgebra and let g
′
be a graded ideal of g. If φ
(resp. φ
′
) is the Killing form of g (resp. g′). Then the restriction of φ to g′ is equal
to φ
′
. If g′ and g′′ are two graded ideals of g such that [g′, g′′] = {0}, then these ideals
are orthogonal with respect to φ.
Proof. The proof is obvious.
Proposition 4.6. Let g be a Hom-Lie superalgebra whose Killing form is non-degenerate.
Then every αk derivation of g is an inner derivation.
Proof. Let φ˜ be the Killing form of Derαk(g). From [4] we know that
adk : g→ Derαk(g),
is a homomorphism of Hom-Lie superalgebras. Since the Killing form of g is non-
degenerate, this homomorphism is injective. Furthermore, the image adk(g) of g is a
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Hom-graded ideal of Derαk(g). According to Lemma 4.5, the restriction of φ˜ to adk(g)
is equal to the Killing form of adk(g). Thus, this restriction is non-degenerate.
On the other hand, we have
φ˜(adk(d(a)), adk(b)) = φ˜(d, adk[a, b]), (4.4)
for all d ∈ Derαk(g) and a, b ∈ g. Now, let
J = {d ∈ Derαk(g)|φ˜(d, adkg) = {0}}. (4.5)
Then (4.4) and the foregoing remark imply that d(a) = 0, for all d ∈ J and a ∈ g.
Therefore, we have shown that J = {0} and the proof is complete.
Theorem 4.7. Let g be a Hom-Lie superalgebra containing no non-zero commutative
graded ideals. Suppose that there exists a homogeneous non-degenerate invariant bilin-
ear form φ on g. In this case g has only a finite number of minimal graded ideals gr,
1 ≤ r ≤ t, and g is their direct sum. The ideals gr are simple Hom-Lie superalgebras
and they are mutually orthogonal with respect to the bilinear form φ which is super-
symmetric. Any left or right ideal of g is graded and equal to
⊕
r∈R g
r with a suitable
set R, where R ⊂ {1, . . . , t}.
Proof. If J is a minimal graded ideal of g, then
J⊥ = {a ∈ g|φ(a, J) = {0}} (4.6)
is also a graded ideal of g. Now suppose that J is a non-zero minimal graded ideal
of g. Then J⊥ ∩ J is a graded ideal of g and therefore it is equal to {0} or to J . If
J⊥ ∩ J = J , we have J ⊂ J⊥. So
φ(g, [J, J ])) = φ([g, J ], J) ⊂ φ(J⊥, J) = {0}. (4.7)
Since φ is non-degenerate, we conclude that [J, J ] = {0}. But, according to the as-
sumptions, there is no non-zero commutative graded ideals contained in g. This is a
contradiction, thus
g = J⊥ ⊕ J , (4.8)
[J⊥, J ] ⊂ J⊥ ∩ J = {0}. (4.9)
Therefore, each graded ideal of J or J⊥, is a graded ideal of g. This shows that J is a
simple Hom-Lie superalgebra and that J⊥ does not contain any non-zero commutative
graded ideals. Moreover, it is obvious that φ⊥, which is the restriction of φ to J⊥ is
non-degenerate. As a consequence, the pair (J⊥, φ⊥) satisfies the same conditions as
(g, φ) does. Using induction on dim g, one can consider
g =
t⊕
r=1
gr,
where the gr, are minimal (and hence simple) graded ideals of g which are mutually
orthogonal with respect to φ in the sense that
φ(gr, gs) = {0}, (4.10)
12
where 1 ≤ r < s ≤ t. Consequently, we get [g, g] = g. Therefore, The bilinear form φ
is supersymmetric due to Proposition 4.1. Thus, (4.10) may be generalized to
φ(gr, gs) = {0},
where r, s ∈ {1, . . . , t}; r 6= s.
Now let g′ be a (non not necessarily graded) left ideal of g. If s ∈ {1, . . . , t}, the
intersection gs ∩ g′ is a left ideal of gs, so gs ∩ g′ is equal to {0} or to gs by Proposition
3.4. In the first case, we have
[gs, g′] = gs ∩ g′ = {0}
and hence
g′ ⊂
⊕
r 6=s
gr.
In the second case, gs ⊂ g′. This, immediately implies that
g′ =
⊕
r∈R
gr
where R is a suitable subset of {1, . . . , t}. In particular, each minimal graded ideal of
g is equal to some gr. The case in which g′ is a right ideal is similar.
Corollary 4.8. The Killing form of a Hom-Lie superalgebra is non-degenerate if and
only if g is the direct product of classical simple Hom-Lie superalgebras whose Killing
forms are non-degenerate. This is the case when the Hom-Lie algebra g0¯ is reductive
and the representation of g0¯ in g1¯ is completely reducible.
Proof. Let g be a Hom-Lie superalgebra whose Killing form ϕ is non-degenerate. We
need to use Theorem 4.7, so we must show that g doesn’t contain any non-zero com-
mutative graded ideals. Let J be a commutative graded ideal of g. Then we get
[g, [J, g]] ⊂ J, [g, [J, J ]] = {0}. (4.11)
It is easy to see that this implies ϕ(g, J) = {0}. Therefore J = {0}, since ϕ is non-
degenerate which allows us to use Theorem 4.7. The simple graded ideals gr are
orthogonal with respect to ϕ, so the restriction of ϕ to gr is non-degenerate, which is
the Killing form of gr, by Lemma 4.5. In particular it follows that the simple Hom-Lie
superalgebras gr are classical (see Corollary 4.3). This shows that the Hom-Lie algebra
g0¯ is reductive (by Proposition 4.2) and that the representation of g0¯ in g1¯ is completely
reducible. The converse is clear by Lemma 4.5.
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